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Exploring the origin of Minkowski spacetime 
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Abstract. Following Minkowski’s formulation of special relativity, it is gener¬ 
ally accepted that we live in a four-dimensional world consisting of three space 
and one time dimension. Due to its fundamental importance, a variety of argu¬ 
ments have been proposed over the years attempting to derive this spacetime 
structure from underlying physical principles. In our approach, we show how 
Minkowski spacetime arises from the geometrical properties of three dimen¬ 
sional space. We demonstrate this through modeling physical space with Clif¬ 
ford’s geometric algebra of three dimensions. We indeed find using this repre¬ 
sentation that a time-like dimension arises naturally within this space but also 
extends spacetime to eight dimensions through incorporating four spin degrees 
of freedom. This expanded arena of spacetime produces a generalized group of 
Lorentz transformations and provides a natural description of fundamental parti¬ 
cles. Nearly all standard results are returned in this expanded structure and so its 
main achievement is that it provides an efficient alternative formalism to the con¬ 
ventional four-vector formalism but we were also able to identify several areas 
where new physics may be indicated. 
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1. Introduction 

Einstein’s seminal paper of 1905 [14] introduced a revolutionary new description of 
space and time, that included the properties of time dilation and length contraction. 
Minkowski showed a few years later, that these phenomena could be simply inter¬ 
preted as the geometrical properties of a four-dimensional space-time continuum 
subject to the metric 

ds 2 = dt 2 — dx 2 , (1.1) 

where dx 2 = dx ■ dx = dx 2 + + dx 2 is the contribution from three spatial 

dimensions and t is the time in this reference frame, where we have assumed units 
such that the speed of light c = 1. Note, that in this paper we reserve bold fonts, 
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such as x, to refer to three-vectors. In the Minkowski formulation we can write a 
space-time event as the four vector X = [t. x ] 1 , where the corresponding event for 
other inertial frames is found through the Lorentz transformation X' = AX where 
A is a 4 x 4 real matrix, which preserves the metric distance in Eq. (11.1b . We reiterate 
these elementary results to illustrate firstly the unified nature of space and time, and 
secondly, that the metric has a mixed signature, as shown in Eq. (O) . 

Now, due to the fundamental importance of Minkowski spacetime, a variety of 
arguments have been proposed over the years seeking to derive this spacetime struc¬ 
ture from more elementary considerations, such as the consistency of Newton’s First 
Law, spacetime isotropy with non-instantaneous interaction propagation EHHl, a 
probability distribution resulting from quantum fluctuations of the spacetime metric, 
the requirements for the existence of observed elementary particles and dynamics in 
the context of basic quantum mechanical considerations GDEOES-I, implications of 
electric/magnetic reciprocity l25l . and the effective ill-posed nature of the Einstein 
field equation unless the Minkowski metric holds l35l . 

We will adopt the formalism of Clifford geometric algebra as it has been used 
previously by several authors to duplicate the Minkowski spacetime structure. Two 
well-known implementations are (i) spacetime algebra (STA) ll22l and (ii) the alge¬ 
bra of physical space (APS) (2). The formalism of APS will be shown to be a special 
case of our approach detailed shortly, whereas in the case of STA the Minkowski 
metric is assumed axiomatically rather than deduced from the algebra. 

We now begin with the Clifford algebra of three dimensions and produce the 
Minkowski metric as an emergent property of this algebraic structure. While recov¬ 
ering standard results we nevertheless generalize the representation of spacetime 
events as well as the group of Lorentz transformations. The metric is found to pro¬ 
duce a suitable Lagrangian for relativistic processes that indicates possible exten¬ 
sions to the electromagnetic interaction. 


2. Derivation 

It is generally accepted that we live in a world with three space dimensions, as con¬ 
firmed by the presence of exactly five regular solids CD El and the inverse square 
laws of gravity and electromagnetism that have been experimentally verified to very 
high precision (24j, indicating the absence of additional macroscopic dimensions 
beyond three space dimensions. Additionally, over cosmic distances, the spatial part 
of the universe has been shown to approximate very closely to being Euclidean fl2l . 

With these preliminary observations, we begin our investigations with the ge¬ 
ometrical properties of three dimensional Euclidean space. In order to describe this 
space we adopt Clifford’s geometric algebra (GA) over three dimensions as an ap¬ 
propriate algebraic representation. This can be expressed using an object called a 
multivector 

M = a + x + jn + jb, (2.1) 

where x = X\e\ + X 2 e 2 + £363 a vector, jn = nie 2 e 3 + n 2 e^e\ + a 

bivector, and j = eie 2 es trivector with a, 6 , xi, X 2 , X 3 , n\, n 2 ,n^ real scalars mm. 
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A valuable feature of the Clifford algebra description is that it algebraically en¬ 
codes the geometrical entities—points, lines, areal and volume elements—found in 
three-dimensional space as well as the physical quantities identified as scalars, po¬ 
lar vectors, axial vectors(pseudovectors) and pseudoscalars(helicity), respectively. 
We have used as a basis for three dimensional Clifford’s algebra Cl (5ft 3 ), the three 
unit elements ei, e 2 , e 3 subject to the relation e p e q = 5 pq + e pqr je r , where S is the 
Dirac delta function, e is the antisymmetric tensor and p,q,r € {1, 2,3} Q Refer to 
Appendix A for a calculation of the multivector product using these relations. We 
can easily show that the trivector j commutes with all elements of the algebra and 
squares to minus one, thus providing a natural substitute for the unit imaginary \J — 1 
thus allowing us to remain in a completely real space. We can immediately identify 
the Clifford vector x of the multivector with conventional three-vectors also com¬ 
monly referred to as polar vectors. The bivector jn , on the other hand, has the trans¬ 
formational properties appropriate for describing axial vector quantities. We could 
also now attempt to identify a time coordinate within the multivector in Eq. (O) . 
however, we wish to avoid imposing any pre-conceived ideas about time, and so we 
will refrain from doing this until we clarify further the properties of the multivector. 
We also note that the eight-dimensional multivector in Eq. (12. Il l is isomorphic to the 
complexified quaternions, also known as the biquaternions that have been studied 
since the time of Hamilton H2111321 , however, the multivector provides a more nat¬ 
ural geometrical setting than the biquaternions, as we can restrict ourselves to the 
field of real numbers. Note that the octonions are also eight-dimensional and have 
also been utilized to describe spacetime GSHnmsnna. 

Now, Einstein’s first postulate, the laws of physics are the same in all inertial 
frames of reference, leads us to look for the invariants in three-dimensional space, 
after applying an appropriate transformation rules for moving between different in¬ 
ertial frames. 

2.1. Finding the invariants and metric 

Definition 2.1 (Clifford conjugation). We define Clifford conjugation of a multi¬ 
vector M as 

M = a — x — jn + jb. (2.2) 

Clifford conjugation is an involution that is an anti-automorphism, so that for a 
product MN of two multivectors M, N £ Cl (3ft 3 ), MN = NM. 

Clifford conjugation is analogous to complex conjugation or to the operation 
of raising and lowering indices found in four-vector notation. 

Definition 2.2 (Multivector amplitude). We define the amplitude squared of a 
multivector M through Clifford conjugation as 

\M \ 2 = MM = a 2 — x 2 + n 2 — b 2 + 2j (ab — x ■ n) (2.3) 

forming a complex-like number. We refer to this as a “complex-like” number be¬ 
cause, as already noted, the trivector j is analogous to the unit imaginary and all 

[ We can define a Clifford algebra CUV , Q) of a quadratic real space (V, Q) where Q is a quadratic 
form on V. For any vector v £ V, its square v 2 in the Clifford algebra Cl(V, Q) equals Q(v) 1, that is, 
v 2 = Q(v) 1 where 1 denotes the identity element in the algebra. 
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other quantities are real scalars. As this is a complex-like number the square root 
is therefore well defined from complex number theory and so we can define the 
multivector amplitude as \M\ = \J\M\ 2 . 

Note that we have used the conventional dot product x ■ n = xn + nx) 
which can now be defined in terms of the algebraic product of Clifford vectors, as 
shown in Appendix A. 

Theorem 2.3 (Fundamental multivector involution). Given a general involution 
I in C£ (SR 3 ), acting on a multivector I(M) = soa + s±x + S 2 jn + s 3 jb, where 
So, s i, 32 , S 3 = ±1 produces a permutation of the signs, then the involution of Clif¬ 
ford conjugation that produces the multivector amplitude is unique in producing a 
commuting value AII(M). 

Proof. We have the resultant 

MI(M) = sqcl 2 + s\X 2 — s 2 n 2 ~ s 3 b 2 + j(so + s 3 )ab 

+ j{s 2 xn + sinx) + (so + s\)ax (2.4) 

+ (so + S 2 )ajn + (si + s 3 )bjx - (s 2 + s 3 )bn. 

Inspecting this resultant in reverse order, we can see that in order to be commuting 
we require s 2 = —S 3 , si = —S 3 , so = — s 2 , so = —si and in order for s 2 xn + 
s±nx to produce the dot product and a commuting scalar we require si = s 2 . This 
gives the solution so = S 3 = ±1 = —si = —s 2 that corresponds with Clifford 
conjugation, shown in Eq. dO l. □ 

Hence we can conclude that MI(M) € C and so in the center of the algebra. 
We will find in the next section that we are constrained to adopt the multivector 
amplitude as the only viable definition of the metric over the space of multivectors 
due to its key property of being commuting. 

2.2. The group transformations 

Definition 2.4 (Bilinear multivector transformation). We define a general bilin¬ 
ear transformation on a multivector M as 

M' = YMZ, (2.5) 

where M, Y,Z£ C£(5ft 3 ). 

We then find the transformed multivector amplitude 

|M '| 2 = YMZ YMZ = YMZZMY = \Y\ 2 \Z\ 2 \M\ 2 , (2.6) 

where we have used the anti-involution property of Clifford conjugation and the 
commuting property of the amplitude. Hence, provided we specify a unitary con¬ 
dition |F| 2 |Z | 2 = 1 for these transformations, then the amplitude \M\ will be in¬ 
variant. Without loss of generality, it is then convenient to impose the condition 
|Yf = \Z \ 2 = ±1. The transformation in Eq. (12.5b is then the most general bilinear 
transformation that preserves the multivector amplitude and so produces an invari¬ 
ant distance over the space. We will focus on the special case |F | 2 = \Z \ 2 = +1 
that describe transformations that are continuous with the identity. 
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We can now see the importance of Clifford conjugation producing a value that 
is a commuting scalar, shown in Eq. (12.3b . as under the general transformation op¬ 
eration in Eq. (12.51 ) these quantities will appear isotropic in space and so satisfy the 
relativity principle of a non-preferred reference frame and allow the simplifications 
in Eq. m . We are thus required to adopt Eq. (12.3b as our definition of the metric 
for the space of multivectors in CT(5ft 3 ). 

Now, using the power series expansion of the exponential function, a multi¬ 
vector Y can be written in an exponential form [[22] , [231 

Y = e c+p+jq+jd , (2.7) 


provided \Y | ^ 0, where c, d € 5ft and p. q € Sft 3 . Therefore, we find 

YY = e c +P+i q +^ d e c ~P~j q +i d = e 2c + 2 o d 


( 2 . 8 ) 


The unitary condition |F | 2 = ±1 then requires c = 0, d = ri 7 r/ 2 , n an integer. Now, 
as d ^ 0 simply adds a commuting phase term and because this will not affect the 
amplitude of the multivector we now set d = 0 in order to investigate the Lorentz 
group. So, also writing Z = e r+dS , with r,s £ 'ft 3 , we finally produce the general 
transformation operation 

M' =e p+jq Me r+ja , (2.9) 

which will leave the multivector amplitude invariant. The four three-vectors p,q,r,s 
illustrate that the transformation is specified by twelve real parameters, thus gener¬ 
alizing the conventional six dimensional Lorentz group, consisting of boosts and 
rotations. 


2.3. Connection with the conventional Lorentz group 

Now, if we represent space by the multivector in Eq. (12.1b . then simple rotations of 
this space are described by the special case of Eq. (EH 

M' = e~ jw/2 Me Jw/2 , (2.10) 

which will produce a rotation of ft = | |io| | radians about the axis w. It is convenient 
to have separate notation for the Pythagorean length of a vector w, given by the 
unbolded symbol w = | |m| | = Vw 2 = y/wf + w 2 + w |. 

A further special case of Eq. (12.9b is found by selecting the vector exponent, 
which will correspond to conventional Lorentz boosts. That is 

M' = e -^/ 2 M e -^/ 2 , (2.11) 

where (f> is defined through tanhc/) = v where v = ||n|| and where v is the relative 
velocity vector between the two observers. We can rearrange tanh <b = v to give 
cosh (f> = 7 and sinh </> = 'yv. Hence e~^ v = cosh <fi — v sinh cj) = 7 (1 — v), where 
7 = 1/-/T — v 2 . In this case the vector v is identified with the relative velocity vec¬ 
tor between frames whereas for rotations it is identified with the rotation axis. These 
results consistent with the known result that the Lorentz group is a sub-manifold of 
the Pauli algebra f36l . 

If we now consider the effect of a conventional Lorentz boost on the general¬ 
ized eight-dimensional spacetime coordinate M = a + tC|| +x±+jn\\ +jn±+jb. 
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where we split the spatial coordinate into components perpendicular and parallel to 
the boost direction v. We then find from Eq. (12.1 11 1 that 

M' = ae-** + *||e-^+* x (2-12) 

+jn^e~ v ^ + jn± + bje~ v<l> 

= 7 (a — ra||) + 7 — va ) + x± 

+31 ( n || - vb ) +j™± +31 {b- vn \\) > 

which now shows the transformation of the full multivector subject to the conven¬ 
tional Lorentz boost operation. We can see that the plane jn orthogonal to the 
boost direction v is expanded by the 7 factor to -j^n |. This implies that the bivec¬ 
tors do not refer to quantities such as areas or angular momentum of extended bod¬ 
ied— as the parallel components are in fact unchanged by such boosts—but must 
refer to other axial vector-type quantities such as spin or the magnetic field. In fact, 
the bivector and trivector components jn + jb = j(b + n) are transformed the 
same as a four-vector therefore have the same transformational properties as the 
four-spin four-vector. We can also see that the conventional Lorentz boost transfor¬ 
mation splits the multivector space into two four dimensional subspaces 5ft© JR 3 and 
/\ 2 5ft 3 © A 3 5ft 3 represented by a + x and jn+jb respectively, where /\ refers to the 
exterior algebra. The first four-vector a + x can be identified as conventional space- 
time if we identify the scalar a with the time t, and the second four-vector jn + jb 
as four-spin. Thus Eq. ED appears to describe a unified formulation of spacetime 
that includes spin. For example, with respect to the metric in Eq. (12.3b . by identi¬ 
fying the scalar a with time t, and n 0 , b = 0 , we obtain the required invariant 
spacetime interval t 2 — x 2 . The fact that the conventional boost operation, shown in 
Eq. (12.12b . effectively splits the multivector into two independent four-vector spaces 
perhaps illustrates why the four-vector is effective, even though a unified treatment 
using the multivector is preferable. 

Hence, we can write a general spacetime event X , in differential form, as 

dX = dt + dx + jdn + jdb, (2.13) 

providing a generalization to eight-dimensional events, where the special case dX = 
dt + dx is isomorphic to the conventional four vector dX = [dt, dx] T . Referring to 
Eq. (12.3b this therefore has an amplitude 

\dX\ 2 = dt 2 — dx 2 + dn 2 — db 2 + 2 j (dtdb — dx ■ dn ). (2.14) 

In general, the interval is therefore a complex-like number. 

Now, for the special case for particles that have a rest frame, debited as dx = 
0 , with a corresponding proper time dr, we have 

dr 2 = |cLA 0 | 2 = dt% + dn q — db q + 2jdt 0 db 0l (2.15) 

where the zero in the subscripts denotes the rest frame. Now as dr 2 is real we 
therefore require dtodbo = 0 , and as we assume dto > 0 then we have dbg = 0 . 
Hence we have in the rest frame 

dr 2 = dfg + dn.g = dt 2 — dx 2 + dn 2 — db 2 . 


2 The definition of angular momentum for extended bodies is considered in Appendix B. 


( 2 . 16 ) 
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Note that as the imaginary term is now zero in the rest frame and the interval is 
invariant, then the imaginary component will also remain zero in the boosted frame. 
We can then write for the proper time 

e iu dT = dX o = dto + jdn Q , (2.17) 

where u is a three-vector. This then returns \dX\ 2 = ( e? u dr ) ( e~ 2U dr ) = dr 2 , as 
required. Note that e 2U = cos u + ju sin u, where u = Vu 2 and u = u/u. Thus 
the proper time becomes identified with the even subalgebra of C£(Ji 3 ), which can 
be shown to be isomorphic to the quaternions. A connection is now also made to 
quantum mechanics, as the Pauli spinors are also isomorphic to the quaternions. 
Additionally, under a relativistic boost we will populate the full eight-dimensional 
multivector that has been shown to be isomorphic with the eight-dimensional Dirac 
spinor describing spin-2 particles PI. 

Comparing a primed rest frame with the boosted frame we therefore find 

dt' 2 + dn' 2 = dt 2 — dx 2 + dn 2 — db 2 . (2.18) 

Now, as we have seen, the two-subspaces of dt + dx and jdn + jdb are disjoint 
under boosts and so we have dt 12 = dt 2 — dx 2 or dt' = dt^J 1 — dx 2 /dt 2 = 
dtVT — v 2 = dt/j and so gives the usual time dilation factor 7 = i/vT — V 2 , 
where v = Also, dt ' 2 > 0 that implies dx 2 < dt 2 and so we have v < 1, thus 
setting an upper limit speed. Hence, despite the fact that time in the rest frame is 
quaternionic, nevertheless the amplitude of this time dr is real and so we will find 
that standard results are returned. However, this recognition of time as a quaternion 
is planned to be further explored in a subsequent paper. 


2.4. Momentum multivector 

Defining the velocity multivector V = dX/dr we find from Eq. (12. 131) 

dX dt dx dt .dn dt .db dt 

V = -=-1-[- 7-h 7- (2.19) 

dr dr dt dr dt dr J dt dr 

= 7(1 + v+jw+jh). 

Now, from Eq. (12.161 ) assuming the existence of a proper time, then we have \ V\ 2 = 
1. This implies that £\V\ 2 = ^rV + Vj£- = 0, using the product rule of dif¬ 
ferentiation. Also, defining A = for an acceleration multivector, we thus pro¬ 
duce an orthogonality condition for the velocity and acceleration multivectors as 
AV+VA = 0, analogous to conventional results but expanded to eight-dimensional 
spacetime. 

Now, defining the momentum multivector P = mV, where we assume m is 
the invariant rest mass, giving E = 7 to , p = ^mv, s = 7 mw and H = 7777/1 then 

P = mV = E + p + js + jH. (2.20) 

The invariant mass m thus appears here as a scaling factor of the velocity multivec¬ 
tor. Note, though, that this assumes that the momentum is parallel to the velocity 
and the angular momentum vector is parallel to the angular velocity vector. How¬ 
ever, for a classical extended rigid body the angular momentum is not necessarily 
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parallel to its angular velocity vectofl Additionally, the angular momentum of a 
rigid body does not transform as a four-vector and so this multivector description 
cannot be used to unify the linear momentum and angular momentum of classical 
extended bodies. Now, as already noted, the properties of relativistic spin for point¬ 
like particles does indeed follow this transformation law of four-vectors required by 
the multivector. Hence it is apparent confirmation of this approach that the eight¬ 
dimensional multivector description requires the assumption of point-like particles 
as required by the standard model. 

Now, we find the amplitude of the momentum multivector 

\P\ 2 = E 2 - p 2 + s 2 - H 2 = to 2 , (2.21) 

which follows from the fact that \V\ 2 = 1. Referring to Eq. (12.16b . we therefore 
have in the rest frame 

Po = E 0 + jsg. ( 2 . 22 ) 

Typically the spin four-vector S = [H, ,s] is debited to have a zero time compo¬ 
nent H in the rest frame, so that So = [0, .s () and so we are consistent with the 
conventional debnition of spin. If this rest state Pq is now boosted we bnd 


|P| 2 = E 2 - p 2 + s 2 - H 2 = m 2 = E 2 + s 2 = \P 0 \ 2 . (2.23) 

We thus have the expected spin conservation s 2 — H 2 = sf, although the energy 
conservation E 2 — p 2 = Eq = m 2 — Sq implies a rest energy Eq rather than 
the conventional value of m. This can be seen to be due to the fact that the spin 
energy Sq is now included as part of the rest energy. The invariant amplitude of the 
momentum multivector of m thus gives the expected rest energy. Thus in our case 
the time component of the momentum multivector does not give the rest energy. 
Now, from m 2 = Eg + Sg we bnd 

7 2 — y 2 v 2 = 1 — Sq/to 2 , (2.24) 


and therefore 

dt -y/l — Sq/iTI 2 

dr 7 y /1 -1>2 


(2.25) 


We note that as Sq < m 2 then the relative time rates will remain real although in the 
rest frame this expression implies a time speedup of ^ = \J 1 — Sq/to 2 , relative to 
some hypothetical spinless state. However, it was previously noted from Eq. (12.12b 
that under conventional boost operations the spin components are conserved and 
so they presumably represent intrinsic quantities, so this spinless rest frame is ef¬ 
fectively unattainable. Thus conventional time dilation results are retained between 
frames as shown from Eq. (12.18b . 

Besides the case of massive particles with a rest frame, the second very impor¬ 
tant special case, is that of massless particles, assumed to be traveling at the speed 


3 Given the angular velocity co = v)\ e.\ + w-je-j + and the angular momentum L = I^w\e\ + 

I2W2&2 + Izw^ez, then clearly the vectors uj and L are only parallel if the moments of inertia I\, I2 , 13 

are equal. 
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of light, in which no rest frame is available to the observer. Hence we expect that 
we will require the full momentum multivector 

P = uj + k+js + jH , (2.26) 

where js + jH describes the angular momentum, assuming units where h = 1. 
A photon is assumed to simultaneously possess energy, linear momentum, angular 
momentum and spin, and so consistent with this description. 

Clearly, many other distinct cases could now be considered such as particles 
without spin or conversely particles with no energy but spin. The application of the 
formalism to these cases could thus be investigated further. 

2.5. The action 

We require the action integral to involve a Lorentz invariant quantity, and so it is 
natural to define the action between two spacetime events as 

S = J\dX\, (2.27) 

where the distance \dX\ is given by the amplitude of the spacetime multivector, 
given by Eq. which as we have shown is invariant between observers. Now, as 
previously, with the assumption of a proper time in a rest frame we have \dX\ - dr 
and so we have the spacetime distance 

\dX\ 2 = (t 2 — x 2 + h 2 — b 2 ^j dr 2 , (2.28) 

where we define t = 4^, x = 4^, n = and b = 4a If we write the action 
S = f ^/j^-dr then this implies a Lagrangian 

C = H = Jt 2 -x 2 + ri 2 ~b 2 = 1, (2.29) 

dr v 

where we now extremize the action S = J Cdr. 

As we have no explicit coordinate dependence, fjf, §§■ an d are con¬ 
stants of the motion. Using the Euler-Lagrange equation |fl9l for t 


d dC dC 

dr dt dt 

(2.30) 

thus giving the conserved quantity 


dC „ , ■ E 


dt m 

(2.31) 


We have written the conserved quantity as the dimensionless scalar E/m as we 
expect it to relate to energy by Noether’s theorem. Indeed, because t = dt/dr = 7 
and £ _1 = 1, we find equating real components that 7 = E/m or E = 7 m, 
which is the conventional relativistic energy relation. The second conserved quantity 
will be the momentum p = 7 mv in agreement with our previous definition. The 
bivector component will produce the conservation of angular momentum s = jmw 
as expected and the fourth conserved quantity will be 

dC r _ lL H 
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that returns the helicity H = mb = jmh = 7 m 

These relations are consistent with Noether’s theorem ||29l that energy con¬ 
servation arises from invariance under time translations t, momentum conserva¬ 
tion from invariance under space translations x and angular momentum conserva¬ 
tion from rotational invariance jn and a fourth conserved quantity based on the 
translation over the trivector j representing helicity. The momentum multivector 
in Eq. (12.20b thus unifies the four conserved quantities into a single principle of 
the conservation of the momentum multivector. That is, for a set of colliding parti¬ 
cles with initial momentum multivectors P* and final momentum multivectors Pj, 
we have the conservation condition Y Pi = Y Pj- Thus the multivector space- 
time structure naturally encodes the four fundamental conservation laws for inertial 
point-like particles. 

If we wish to include interactions we can include the conventional interaction 
term J ■ A = qV ■ A to produce 

C = mvW + qV • A, (2.33) 

where V = Yt ' s the velocity multivector and the A is the electromagnetic poten¬ 
tial. Naturally as we expand V and A to full multivectors then additional interaction 
products will be generated, which can be further investigated. 

2.6. Maxwell’s equations 

Using Clifford geometric algebra it is known that Maxwell’s four equations can be 
written with the single equation Els 

(d t + V) F = p — J, (2.34) 

where the electromagnetic field is represented as F = E + jB and V = e\d x + 
e 2 < 9 y +e 3 < 9 2 . Now d = dt +V and the four-current J = p —J are known four-vectors 
and so we can act with our general transformation in Eq. ( 12.91 ) producing 

R {d t + V) SSFS = R {p - J) S, (2.35) 

where we were required to insert S and S around F for self consistency. That is, we 
know RR = SS = 1 and so multiplying Eq. (12.35b from the left by R and from the 
right by S we reproduce Maxwell’s equations shown in Eq. (12.34b . Hence we have 
the required held transformation F' = SFS or 

{E + jB)' = e- r ~ JS {E + jB)e r+js . (2.36) 

This is the accepted transformation for the electromagnetic held J 6 j and so our gen¬ 
eralized transformation for spacetime shown in Eq. (12.9b leaves Maxwell’s equations 
invariant as well as retaining the conventional held transformation. 

If we now consider the effect of the generalized transformations on the four- 
current R (p — J) S then whereas a conventional boost will remain in the form of 
a four-current this more general transformation will create bivector and trivector 
terms 

R{p-3)S = p'-3'+ jK'+ j K ', (2.37) 

where jn' is a magnetic monopole and K' is a monopole current. Now, Maxwell’s 
equation V • B = 0 effectively states that monopoles do not exist and indeed, de¬ 
spite many experiments, have never been conclusively detected. Hence, if we accept 
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the non-existence of monopoles then it would imply that these generalized transfor¬ 
mations are forbidden for some reason and we are forced to utilize only the con¬ 
ventional Lorentz transformations. However there are two ways that the formalism 
may indeed be applicable even if monopoles do not exist. Firstly, we note that while 
magnetic monopoles per-se have not been identified ll28l . nevertheless quasi mag¬ 
netic monopoles have been detected in spin ice systems lf27ll and so the formalism 
may have applicability in these situations. Secondly, with the interaction term qV-A, 
both V and A can be expanded to full eight-dimensional multivectors, while still as¬ 
suming no magnetic monopoles, that will add new interaction terms. Other possible 
applications are investigations of the longitudinal electrodynamic force[;26]| and the 
Abraham-Minkowski controversy 0. 


3. Conclusion 

In conclusion, we show that a Minkowski-type spacetime structure arises as an 
emergent property of three-dimensional space when described by Clifford multi¬ 
vectors of Of (JR 3 ), as shown in Eq. (12.131 . Previous attempts to describe spacetime 
with Clifford algebra typically take the Minkowski metric for granted. Our paper 
thus underpins these approaches with a novel use of Clifford algebra in order to de¬ 
rive the Minkowski metric itself from structure inherent in CfOft 3 ). We were then 
able to show, using the multivectors in Cf(5R 3 ) that simply by seeking the involu¬ 
tion producing a commuting amplitude shown in Eq. o . requiring the involution 
of Clifford conjugation, the Minkowski metric is then uniquely produced. We then 
showed that the set of allowable transformation operations on the multivector iden¬ 
tified in Eq. (12.51 in conjunction with Eq. ( 12.91 produce the conventional Lorentz 
transformations. Indeed the conventional six dimensional Lorentz group now being 
a special case of a more general twelve dimensional transformation. We also showed 
that with the generalized spacetime transformation Maxwell’s equations neverthe¬ 
less remain invariant. It should be noted that if the more general transformations 
could indeed be implemented then it would allow the non-conservation of spin, and 
so may be physically forbidden for some reason. We also noted that Maxwell’s 
equations, which explicitly rule out magnetic monopoles therefore seem to forbid 
these more general transformations. Hence we conclude even with a generalized 
eight-dimensional spacetime events standard results are nevertheless returned and 
so the formalism could simply be considered a convenient elegant alternative to 
four-vectors in describing spacetime. However, we also noted several avenues of 
further inquiry where the formalism may be valuable and describe new physics, 
such as situations involving virtual magnetic monopoles and the presence of addi¬ 
tional interaction terms. 

As an interesting consequence of this analysis we found that, in order to be 
consistent with the results of special relativity, time became represented as the 
scalar component of the multivector. Now, as the scalar and vector components rep¬ 
resent geometrically point-like and linear-type elements, respectively we can thus 
view the unification of space and time in a geometrical way. This interpretation 
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thus obviates the need for an additional fourth Euclidean-type dimension to de¬ 
scribe time, as found in the conventional Minkowski formalism, as time can now be 
adequately described within the geometrical properties of three-dimensional space 
alone, as shown by Eq. (12.13b . This formalism also produced three additional time¬ 
like components in the metric thus presenting time in the form of a quaternion and 
so the implications of this property for the nature of time should be further inves¬ 
tigated EUSIIED- Also, the light postulate in special relativity that asserts the 
same measured speed of light c for all inertial observers, effectively means that c 
can be treated as a units conversion factor, converting time units into space units 
through t —> ct. We can therefore view this postulate as allowing a purely geo¬ 
metrical treatment first given by Minkowski in 1908 but taken to its logical conclu¬ 
sion in this paper. Indeed, we view the results of special relativity, as originating 
purely in the properties of three-dimensional geometry and conservation laws. In¬ 
deed, it should be noted that the multivector must define all constituent components 
with self consistent units and in our case we adopted quantities with dimensions of 
length. Thus the three fundamental dimensions written in terms of length, specifi¬ 
cally, mass to —► Gm/c 2 , length and time t —> ct that we have placed within the 
multivector, can now all be interpreted geometrically in a unified way. Hence, the 
unified representation of spacetime events within the multivector indeed indicates 
that the c conversion factor is superfluous. 

The multivector produces a metric distance that also defines a Lagrangian for 
this space that then produces the four fundamental conservation laws, of energy, 
linear momentum, angular momentum and spin. Through adding an interaction term 
we reproduce the electromagnetic interaction as well as providing a framework that 
can be generalized to allow the unified description of other fundamental forces. 

We thus have demonstrated how the Minkowski metric naturally arises as part 
of the geometry of three-dimensional space, providing clearer insight into the ge¬ 
ometrical nature of time and space, producing an expanded spacetime framework 
from which new results may indeed follow. We also re-interpret the Minkowski 
concept of time as an additional Euclidean-type dimension as simply a geometrical 
property of three-dimensional space. We thus show that the multivector provides a 
natural structure to describe physical laws and elementary particles. 
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Appendix A. The multivector products 

In Clifford geometric algebra we form the space of multivectors R © R 3 © /\ 2 R 3 © 
/\ R 3 , an eight-dimensional real vector space denoted by CT(R 3 ). This thus con¬ 
sists of the sum of a scalar, vector, bivector and trivector. Defining vectors v = 
viei + v-ie-i + v 3 e 3 and u = u\e\ + 11262 + u 3 e 3 , where Vi, Vi G R, we find their 
algebraic product using the distributive law of multiplication over addition as 

uv = (eiui + e 2 u 2 + e 3 u 3 )(eivi + e 2 v 2 + e3V3) (A.l) 

= uivi + u 2 v2 + u 3 v 3 + {u 2 v 3 - V2U 3 )e 2 e 3 
+ (miu 3 - M 3 ui)eie 3 + (uiv 2 - uiit 2 )eie 2 
= u • v + u A v, 

which produces a sum of symmetric and antisymmetric products. We can therefore 
write 

u • v = i(uv + vu), uAv = |(uy-vu). (A. 2 ) 


Appendix B. Angular momentum 


We define the angular momentum multivector, for extended bodies, as 


L= l -(PX-XP) 


and so 


dL _ 1 fdP_ x 


dr 


dr 


p dX_dXp_-dP 

dr dr dr 


(B.l) 


(B.2) 


using the product rule of differentiation. Assuming constant velocity ^ 7=0 and 
hence 


dL 

dr 


pd_X_d_X p 

dr dr 


= — (PP-PP) = 0 (B.3) 

2m 


using P = TO 77 - and PP = \P\ 2 = mr and hence L is conserved. 

If we restrict P and X to the first two components of the multivector in order 
to make a correspondence with conventional four-vectors we find L = ( Ex—pt ) + 
x A p. We can then write this as L = f + jl with the center of energy / = 
(Ex — pt) and angular momentum jl — x A p, in agreement with standard results. 
The Lorentz transformation of the angular momentum multivector being subject to 
the same transformation as the electromagnetic field. 


Appendix C. Example boost operation 

As an example of a generalization of the conventional Lorentz boosts, we can utilize 
two distinct rotation axes v and w, writing 

M' = e 3v/2 Me lw/2 . (C.l) 

It can be shown, for the multivector given in Eq. (HD , that this operation acts sepa¬ 
rately on the two four-dimensional subspaces a + jn and x + jb , with each of the 
two rotations being isomorphic to a rotation in a four-dimensional Cartesian space. 
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This transformation, even though it preserves the invariant distance, is not usually 
included in the Lorentz group as it moves outside the conventional four-vector rep¬ 
resentation of spacetime events. 

A boost followed by a rotation can be written as 

M' = (C.2) 

which thus describes the special Lorentz group. Using the multivector formalism 
we can now write this as a single operation 

M' = e (^-^)/2 Me (a+jb)/2_ ( C .3) 

Note that this is in the form of a combined boost and rotation operation, and for 
the appropriate choice of two vectors a and b can naturally describe the relativistic 
effect called Thomas rotation 0 . For this combined boost operator we have 

e <l>(a±jb)/ v' (a±jb) 2 = cosh 0 + a±jb sinh 4 6 (C.4) 

V(«± jb) 2 

where tanh <f> = y/(a + jb) 2 , which upon rearrangement implies 

cosh (j> = 1/yl — a 2 + b 2 2 j a ■ b. For the special case where b = 0, we revert 

to the standard boost operation, shown in Eq. (12.1 11 1. 

The general transformation can therefore be written 

M' = e ip/2 e -J«’/2 e -^/2 Me -^/2 e j«/2 e jq/2 ) ( C .5) 

where the two inner terms show the conventional six dimensional Lorentz group 
and the outer terms the six dimensional rotation group 50(4), shown earlier in 

Eq. (ICT1 >. 

Appendix D. Time dilation with no velocity 

Using the transformations in Eq. ED and assuming an event with a spacetime 
multivector dX = dr, then we find a transformed event 

X' = e ei (dt + jdn)e^® = dt' + jdn', (D.l) 

where 

dt' = (cosh 9 cosh (j> — sinh 9 sinh 4> cos a)dt + sinh 9 sinh 4>jv A dn A w 

— cosh 9 sinh <j> cos bdn — sinh 9 cosh <j> cos cdn (D.2) 

where cos a = v ■ w, cos b = n ■ w and cos c = n ■ v and dn = (cos 9 sin <j>w + 
cos 4> sin 9v — sin 9 sin 4>v x w)dr Note that the spatial movement remains at zero 
and so the relative velocity is zero and yet we have a time dilation factor, 

dt' 

— = cosh 9 cosh 4> — sinh 9 sinh 4> v ■ w. (D.3) 

dt 

This could perhaps be used as a model to describe redshift without requiring a veloc¬ 
ity of separation. However, as already noted, this operation acting on a four-current 
would produce magnetic monopole terms, and hence appears to be forbidden by 
Maxwell’s equations. 
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Appendix E. Interactions 


Now, we can write an equivalent form of the Lagrangian in terms of the momentum 
multivector P as 


. \dX | \P\ 


(E.l) 


dr to 

as P = mV = mdX/dr. This gives the action S = -^ J \P\dr. 

Now, we can add an electromagnetic interaction Pj nt = P — qA, where q is 
the Lorentz invariant charge and A is the electromagnetic potential. We then have a 
Lagrangian squared 


C 2 = -Ar(P - qA)(P — qA) = —^ (PP - q(PA + AP) + q 2 AA) . (E.2) 

m z m z 

Now, for the special case of a particle momentum P = E + p and A = <f> + A, we 
have 

PA+AP) = -^((E + p){cf> -A) + {cf> + A){E - p)) = -^(E</)—A-p). 
m z m z m z 

• 9 (E ' 3) 

Now we have already shown that the Lagrangian -ArPP = -^-(P 2 — p 2 ) = t 2 — x 2 
produces the motion of an inertial particle and so we have added an interaction La¬ 
grangian term £j nt = -^{E(j>— A- p) = -2 (< j>i — A- x), which is the conventional 
relativistic interaction term for a point particle, per unit mass, in an electromagnetic 
field. That is, in the classical limit we produce £ nit = —(cj) — A ■ sc), as required. 

However, we also have a third term to include of -2-t-AA = -^(d 2 — A 2 ), which 
is in the same form as the Proca action A fl A 11 typically included to describe non¬ 
massless photons. However, this term is typically small and hence this Lagrangian 
reproduces the classical results for a charged particle in an electromagnetic field. 
Hence generalizing both the momentum and the electromagnetic potential to eight 
dimensional multivectors will significantly generalize the electromagnetic interac¬ 
tion. 
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